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The figure shows the complementary CDF F% of a non-negative discrete rv X. For this example,
X takes on five possible values, 0 = ag < @) < a3 < a3 < ag. Thus F§(x) = Pr{X > x} =
1—px(ag) for x < ay. Fora; < x < ap, Pr{X > x} = 1—py(ag)—px(ay). Similar drops occur in
Pr{X > x} as x reaches a3, a3, and a4. From (1.28), E(X) is }_; aipx(a;), which is the sum of the
rectangles in the figure. This is also the area under the curve F§(x), i.e., [5° F§(x) dx. It can be
seen that this argument applies to any non-negative rv, thus verifying (1.30).
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More specifically, the Riemann—Stieltjes integral, abbreviated here as the Stieltjes integral, is

denoted as f ab h(x)dFx(x). This integral is defined as the limit of a generalized Riemann sum,

limg_, ¢ 3", h(xn)[F(yn) — F(y,—1)], where {yn;n > 1} is a sequence of increasing numbers from a to b
satisfying y, — yp—1 <dand y,_| < x, < yp for all n. The Stieltjes integral is defined to exist over finite
limits if the limit exists and is independent of the choices of {y,} and {x,} as § — 0. It exists over infinite
limits if it exists over finite lengths and a limit over the integration limits can be taken. See Rudin [24] for
an excellent elementary treatment of Stieltjes integration, and see Exercise 1.15 for some examples.
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_,Area under curve = E[Y]

]

Area = yPr{Y >y}

<

Demonstration that yPr{Y > y} < E[Y]. By letting y — o0, it can also be seen that the shaded
area becomes a negligible portion of the area E[Y], so that limy_, o0 yPr{Y > y} = 0if
E[Y] < oo.
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Note that the Markov inequality bounds just the upper tail of the CDF and applies only to
non-negative rv s, whereas the Chebyshev inequality bounds both tails of the CDF. The
more important differences, however, are that the Chebyshev bound requires a finite
variance and approaches zero inversely with the square of the distance from the mean,
whereas the Markov bound does not require a finite variance and goes to zero inversely
with the distance from 0 (and thus asymptotically with distance from the mean).
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Lemma 1.6.1 Let {X;;i> 1}bellDrvsandletS, = X + ---+ X, for eachn > 1.
Let I(X) be the interval over which the semi-invariant MGF yx(r) is finite and assume 0
is in the interior of I(X). Then, for each n > 1 and each real number a,

Pr{S,>na} < exp(nux(a)) where px(a) = - oi?efl o yx(r) — ra. (1.66)

Furthermore, juy(a) < 0 fora > X and pux(a) = 0 fora < X.
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The same CDF as Figure 1.5, scaled differently to give the CDF of the sample average Z,. It can
be visualized that as n increases, the CDF of Z, becomes increasingly close to a unit step at the
mean, 0.25, of the variables X being summed.
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Approximation of the CDF Fg, /, of a sample average by a step function at the mean. From
(1.74), the probability 8 that S,,/n differs from X by more than € (i.e., Pr{|S,/n — X| > €}) is at
most o2 /ne?. The complementary event, where |S,/n — X| < €, has probability

1-6>1-02 /nez. This means that we can construct a rectangle of width 2¢ centered on X and
of height 1 — & such that Fg, /, enters the rectangle at the lower left (say at (X — €,481)) and exits
at the upper right, say at (X + €, 1 — 8)). Now visualize increasing n while holding € fixed. In
the limit, 1 — 8 — 1so Pr{|Sy/n — X| > €} — 0. Since this is true for every € > 0 (usually with
slower convergence as € gets smaller), Fg, /,(z) approaches 0 for every z < X and approaches 1
forevery z > X, i.e., Fg, /n @pproaches a unit step at X. Note that there are two ‘fudge factors’
here, € and 4 and, since we are approximating an entire CDF, neither can be omitted, except by
directly going to a limit as n — oo.
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The same CDFs as Figure 1.5 normalized to 0 mean and unit standard deviation, i.e., the CDFs

of Z, = (Sp/n — X)/n/o for n = 4, 20, 50. Note that as n increases, the CDF of Z, slowly
starts to resemble the normal CDF.
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In probability

Distribution

Relationship between different kinds of convergence: Convergence in distribution is the most
general and is implied by all the others. Convergence in probability is the next most general and
is implied both by convergence with probability 1 (WP1) and by mean-square (MS)
convergence, neither of which implies the other.
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Example 1.7.9 Consider a sequence {Y,; n > 1} of rvs for which the sample paths
constitute the following slight variation of the sequence of real numbers in Figure 1.16.
In particular, as illustrated in Figure 1.17, the non-zero term at n = 5 in Figure 1.16 is
replaced by a non-zero term at a randomly chosen # in the interval®* [¥/, 5+1),

Since each sample path contains a single one in each segment [5/, $t1), and
contains zeroes elsewhere, none of the sample paths converges. In other words,
Pr{w : lim Y,(w) = 0} = 0. On the other hand, Pr{¥, =0} = 1 =57 for 5 < n <
1, 50 limy_ 00 Pr{¥, = 0} = 1.

Thus this sequence of rvs converges to 0 in probability, but does not converge to 0
WPI1. This sequence also converges in mean square and (since it converges in prob-
ability) in distribution. Thus we have shown (by example) that convergence WP1 is not
implied by any of the other types of convergence we have discussed. We will show
in Section 5.2 that convergence WP1 does imply convergence in probability and in
distribution but not in mean square (as illustrated in Figure 1.14).

3/4

15 ' 25
Figure1.17  Illustration of a sample path of a sequence of rvs {¥,;n > 0} where, for eachj > 0, ¥, = 1 for
an equiprobable choice of n € [/, 511y and ¥, = 0 otherwise.
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